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The consequences of substituting the h-L-u (mass—
T 1uminosit&4m§an molecular weight) relation of stellar
structure theory in place of the "empirical® M-L and M-y

~ relations are investigated for the Russian theory of

[

evolution of completely mixed stars with mass loss. The

mass loss rate becomes a free parameter{ but stars still

evolve along the main sequence.

.
5
=

It is found that by
tl';se

: _ ‘
. o oretically evolving the initial luminosity function,

the -observed luminosity functions of early-type galactic

clusters may be reasonably well feproduced with a variety

Lo ' of mass loss rates and ages. Hence the luminosity'function

pexr se does not give definite evidence for the mode of
stellar'eVOlution (homogeneous or inhomogeneous), rate

of maas loss, or age of a cluster.
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1. JIntroduction.— According to a theory developed

primaxrily by the Russian astxoncmers, the upper main ,  f;%fff;;'

 sequence on the H-R diagram is a locus of stars under-
1 o " going evolufion with complete mixing and substantial mass “ “\J
loss. 'Inhomogeneous evolution would take place in a few,

- slowly rotating massive stars (to explain the observed
. : N : . )

\

' .Trump1er furnoffjin open clusters) and in'stars evolved

__to a sufficiently low mass so that rotation and mass loss ff;?f

;are ineffective (to expléin the subgianﬁ and giant brandhegf

fin globular cluéteri). fhowever, the majority of stars

observed today will have evolved ggyn‘the main sequence

from some initial mass lying within the range of an as-

!

sumed universal initial mass function (see, e.g., Masevich

| - & parenago 1950, Idlis 1957, Masevich 1959, Fesenkov & Idlis

1959).

The rate of mass. loss has been taken to be Fesenkov's
(1949) law
PR BB -

at , ' (1)

and the mass=luminosity relation to be that derived from

obsetvations,
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From the rate of hydrogen depletion in a completely mixed
star and a relation between the mass and mean molecular

.- weight, Idlis (1957) was able to derive the value of the

:;:ébnafagt k. ‘bsingvthis‘value of k and intggrating equa-
:tion (1), ﬁaher (1963)'ev¢1véd Idlis's initial luminosity
1;ffunétion‘and;£ound_disajreement with the observed 1uminosity!§%{! e
’%fﬁunctioﬂg‘df ﬁwo t§picai'ga1actic clusters. In particular, L
| an ﬁnébgerved accumulation of stars was pfedicfed by the
”" theory. .Roberts (Henyey 1960) had earlier come to a
similar conclusion.
However, the semi-empirical basis on which the rela-
. u‘tioh between mass and mean molecular weight depends is
| highly uncertain (cf. Section 2). If we drop this ex-
plicit relation and,_instead, ailow k to be a free
.“ fL‘ parameter, stars will still evolve along the maih‘éequence

(cf. Section 3). 1In this paper we shall investigatg the

consequences of evolution in’ the unconstrained schenme.

2. m;u_;glg;ignsftldlis—(1957)’used a semi-empirical
~. ' relation between M and u to obtain the mass-loss coefficient
k. Although this relation, u a-m'°‘225 (Severny 1954), was

,-3-
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obtained with the help of published abundance analyses
‘ . N\
of three stars (including the sun), the evidence is

generally held to be inconclusive. For instance, strimgren

(1963) £finds adequate fits to the observed main sequence

using the same "normal" chemical composition in models

-“
.

of B, A, and F stars; in particular, the position of

Sirius A is’prg?icted with X = 0.70. From available ob-

servational data, Ezer and Cameron (1964) find a value

X = 0.74 for the sun; their use of this value gives

reasonable results for a model of the present sun constructed

©._at' the end of a series of pre-main sequence contraction

models. ﬁowever, observations of B stars yield X = 0.60
(Aller 1961), i.e. an incrgasé'of mean molecular weight
with increasing mass. This is presumably due to the age
difference between the low and high mass stars, and f;flects
the chemical evblution of the Galaxy.

é--Ideally, the M-y relation should be determined for
a sinéle cluster, wherein the sfars,are roughly coeval.
If 4 is constant and the‘cluster luminosity function is
not the idlis‘function, then evolution does not proceed
with complete mixing.

3. ﬁ' the main seque .—A spread in

luminosity for s?ars of the same spectral type is observedi
on the upper main sequence. Some of thg spread is due to

observational errors, such as uncertain -extinction cor-

rections in regions'of patchy absorption. From spectroscopic
. ' -4 - . .
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 pressure). 1In this case it will be given by

evidence, a high percentage of binaries occurs among

early-type stars, causing spuriously high luminesities.
Different rotations may also cause luminosity differences.
Finally. evolutionary effects will result in departures
from the ini£ial main sequence.

Since, in addition, our knowledge of stellar masses

is very incomplete (Schwarzschild 1958), the specification |
'“rfﬂ ‘of unique M-L and M-y relations seems to be unwarranted.

. Now exact calculations show that, for a wide range of M

and X, homogeneous main sequence models fall close to .
the observed main sequence (Blac¢ckler 1958, Iben 1963).

Furthermore, Gamow (1938)-has -shown" that, without mass

© loss, completely mixed stars will evolve up the main

~ sequence until the hydrogen has been practically ex-

hausted. Therefore we shall adopt a M-L-X relation as
being more realistic for evolutionary calculations.

The form of this relation must be gotten from theory.
Eddington's (1926) mass-luminosity law is strictly ap-
plicable only to stars in which xL(r)/m(r) is a constant;
in théory, therefore, only to gravitationally contracting

stars of extfemely high mass (and hence high radiation

_5‘-
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L~T+x’ - Q)

where electron scattering dominates the opacity. This
may be considered as a limiting case. For ordinary massive
stars with the same opacity source, the dimensionless en=

- . velope parameter C (Schwarzschild & Hdrm 1958) yields
~

N a
4 3 o S
Lu~-I“:-§ m. . (4)

f«»'For stars in which bound-free absorption processes also

;CY . occur. combination of Kushwaha's (1957) parameters A and

C yields
: 8 5
L ~'Iu:-§ m>. (5)

The empiric;l result that L ~ m4 along most of the main
sequence is confirming évidence of the Validity of these
essentially dimensional arguments.

Comparison of the results for detailed models of
homogeneous stars (derived from a variety of sources)
may also be used to determine the mass and chemical compb-
sition dependences, whenever the range in X for a giVeh

mass is largé enough. The adopted dependences are given

. in Table 1, where A\ and.y are defined by

e = e a w8
e - = -

e e et PELR - 6 -




L~ (143070t - (6)

It may be noted that y ~ (1 + x)"1‘4 for small values of

" Z. The bolometric magnitude listed for each mass in

Table 1 refers to an (initial) hydrogen abundance of

about 0.7 (Henyey, LeLevier, & Levée 1959).

\\

.

C 4. ' Basic Equations.——The rate of hydrogen depletion

- in a completely mixed star is given by

'm-—h.—gx._ | R (7

o iTae T E

where E = 6.0 x 108 erg/gm and £ is the rate of mass loss

" in the form of corpuscular radiation. The full rate of

mass loss is

dt=-g—ﬁ7' (8)

If £ becomes as small as L/c2 (the loss due to radiant

energy),'then d h/dt may, as usual, be neglected on an

. . _ . 2 .
evolutionary time scale. Therefore we omit L/c” entirely

- and obtain from equations (7) and (8)

-8 L
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The form of § will be assumed to have a power-dependence

on Ls

‘%ﬁ& =-xL'. | (10)

Finally, the mass-luminosity law may be written generally

!
. |

. . o weaae s RPCERR
PERE I ! '
.-.‘-0 i

-V A :
( 1 + X ) (g{:) ','_" - (11)

‘where a zero subscript refers to the initial epoch.

-

Equations (9), (10), and (11), together with the

initial conditions

att=0: h=Hh,L=L, X=X, (12)
o o] (o] s .

determine the evolution of the star completely.

5. Solutions.—Let us introduce the following non-

dimensional variables:

, _ ‘ .
o Do N I . - ) .
mEm Sy X1y x Tt T ex)enm O3
o o o o o
" Then the basic equations become
x __ 4 dm_ _ ' a Vb |
m' ar K4, 4=x "m, '(14)

dr

- 8 -




with K = X E(1 + xoyno"l and

at 1= 0: m=1, £, =1, x =1, (15)

In genéral, equations (1l4) may be integrated
analytically for m, although a simple quadrature is in

' some cases necessary to obtain 7. We shall here write
. . AN . : ) .

Rt e ———

0007 down the general solutions. I
- T} _ f‘:aﬁa,t'# 1
o o 4= x Yt (16)
e e
i

1/A (1-1). o
—All=1) (. v(l=-1)+1 ;
[1 *RJa- 1+l x -1}] g (a7)
L S S e
e e e e T Coe e e ST - - — =R -— ~———}
o " (X -1)/x(1=1)  {(18)
RO . - \ L‘l_l_)__ V(l"‘)"'l !
| !'f ‘rx [1+K\;(1 )+ l}] i
TN y —— ‘ = l
L =xV KX 1) | (19)
m = eK(x - 1) | | (20)
re ot h (=1) (2)
A s T m——— |
e a1 v-i _(A=1)K(1- x) ?
. -i (v=1i)1 {(X-l)K}:ﬂ.[ | l] (bl',)s (22)
| i=0 : : i
L o o i
T - 9 -



for integral values of v.

If no mass loss takes ﬁlace (k = 0),
L =x ", m ;, T v+ 1 (l '>.. (23)

' This time scale is the same as for L ~ M (A = 1), because

>7'in both,cases\the mean rate of energy generation, L/M,

dependa only on x._

Z

The case considered by Usher (1963) corresponds for-ﬂ’ 

R

mally to the neglect of chang;ng chemical composition

I =0,

. I SR S T N
x =1, ¢t=n, 1= (m 1) (24)

'since, under the assumption of equation (2), the mass
-- dependence of X does not affect 7 and néed not be specified
' exéept to determine k.
If the méss loss is extensive enough, the luminosity
will'ihitiélly decrease. The minimum value of K for which

the luminosity never increases is

K= x L. (25)

ﬁ‘-f‘ "~ . since x = 0.5, we have that K 2 2v/\ for L never to rise

during hydrogen-burning.‘ However, if K < v/Ax, L will

- 10 -
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return to its initial value when x is given by

mx-tx(x-'n. (26)

6. Initial luminosity function.—We have ‘adopted

Idlis's (1957) initial luminosity function Y . which

bol

exhibits a large maximum near Mbol = 0 and a smaller

- maximum'neaf“mbo1 = = 4,5, This function agrees

reasonably well with functions derived by Masevich (1956)

. .and by Salpeter (1955), in the-trgatment which Idlis

.gives them. However, Usher (1963) found that Sandage's _ﬁiﬁggﬁ%igkwn

(1957a) recomputation of the Salpeter function predicted
too few of the brightest stars. _The'reason seems to be
not that Sandage's function differs somewhat from Salpeter's
oriéinal function, but that the evolutionary theory used
to obtain Ybol differs for Sandage's (and Salpeter's)
function and for Idlis's rederived Salpeter function.

bol

the Cygnus and Orion associations. These comparisons

Idlis also compares his Y with observations of
and others made by Usher with data from Trumpler's un-
published catalogue of galactic clusters give reasonably
good_agreemént with the Idlis function. Walker's (1956,

1957, 1961) extensive work on extremely young clusters




offers, in particular, further evidence of the secondary

haximum. Van den Bergh's (i957) luminosity function does

not show the secondary maximum, but he smoothed his data

consider;pl?'gnd_investigatéé'haihiy'éiuStefé which con-
" tain stars later’than'BS and which show some evidence of
evolution. The raw observed data of van den Bergh and
- of Saﬁdage. ﬁbwever.vdo»show.a secondary maximum at
"'; MV-é - 2.0.to - 2;5. findlly, the work of these two

. authors demonstrates the universality of the initial

}f;uminosity function among existing galactic élusters.
consequences of evolving the initial Idlis function with
the data given in Table 1 may.be seen on Figure 1. (It
~was assumed that stars disappear from fhe main sequence

when X < 0.1.) Results are shown for values of k x 1018
equal to 0, 0.22, and 1.0 gm/erg, and for k % lOlB/L13
equal to 1.0 gm-sec/ergz, where L, is;the initigi'
luminosity of a star of 13 mo.

The first case corresponds to homogeneous evolution

without mass loss. The initial rapid brightening of the

more massive stars is evident as hydrogen becomes quickly

consumed. Their subsequent disappearance from the main

- 12 -




’sequence occurs simultanggqg;y_with.the.slow.brightening
. of the 10;. massive stars. As a fclult, after 5 x 108
years a central accumulation of stars appears around
Mpor = = 3-

The choice of k = 0.22 x 10_18 for the second case

was directed Qy a desire to cause an initial decrease in

.
AY

"% L and then an increase back to L, at half the initial

 1|hyd:ogen content (cf. equation (26)). However, it should

" . be-noted that this will not occur on the same time scale

R

"‘ﬁﬁ"f??; fbrvstaré of different'masseé.‘ We have'adoptedvFesenkov's f \:ﬁsh

| law (equation (1)) for the form of the mass loss rate.

- From the first case without mass loss, the most massive

. stars begin to disappear at 2.5 x 107 years. Mass loss

| prolongs their lifetime up to 5 x 107 &ears, but during

_ this time they will have dimmed and brightened successively.
Consequently the luminosity function shows no apparent
change until their hydrogen is completely exhaus;éd.

‘Even smaller amounts of dimming and brightening_;ccount
for the stationary behavior gf the low-mass stars. Be-
cause 6f'the coarseness of the adopted Ybol' it was im-
possible to ﬁind a value of k that would make & _ . actually

.

“.show an initial decrease, subsequent increase, and final




decrease at high luminosities.

i8

Idlis's (1957) semi-empirieal value of k = 1 x 10
- corresponds to a mass loss which will dominate the evolu=-
tion. Adoptinq fesenkov's law for the form of the loss
rate, we obt;in tﬁe results for the third.case in Figure 1.

\,

On account of such an extensive loss, hydrogen depletion.   ;

}”fl" in the most massive stars is only fifty per cent even

- after 5 x 108 years. The result is that the luminosity
’ r.

lfffunction loses'weight‘continually at the brighter magnin =

tudes, while the secondary maximum gains and moves to
fainter magnitudes. By 5 x 107 years the accumulation
toward Mbbl = 0 has eliminated the secondary maximum
.entirely. A new minimum appearing after 1 x 108 years |
is caused by the accelerating evolution of stars initially
~at Mbol = 0. .These results are in many ways similar to
‘those derived by Usher (1963) using only equations (1)
~and (2). The adoption of varying A and vy, however, does

cause the temporary disappéarance of the central minimum

in the luminosity function.
The fourth case in Figure 1 illustrates the choice
of a mass loss rate proportional to Lz.. The numerical - ]

.coefficient corresponds to that used in the previous : ' {

- 14 - ‘ .



case but is normalized to the initial luminosity of the

most massive staxs (13 ma). The effeat ;- to deplete
significantly only the mass of the more massive stars
and hence to lower their luminqsities. By 5 x 108 years
their hydrogen has been exhausted, but the onset of hydro-
gen depletion in the stars of lower mass begins to in-
: N, '
o ;3f crease these ihminonitiai somewhat; a lhlft of the maximum-

in the luminosity function from M ,=0toM . =-2

}i*‘is the result.

e

.,f  idlié‘é rate of mass loss cofresponds to about
'_’10-6 mo/year fof'the most massive stars evolving at their
i maximum (initial) iuminosity. Underhill's (1960) value
of 10'-7 me/year derived from observations of Be shell
d.stars is probably a very generous estimate. Hence Idlis's
| "f'rate may be taken as an upper limit.
| 8. i wit s inosi LONS - ==
Data for four galactic clusters (h Persei, the Pleiadesf
«jPraesepe, and the Hyades) were taken from Sandage (1957a).

For consistency with the adopted ¥ , bolometric correc=-

bol
'tions‘were based on Idlis's work, as follows: from his

i o : ' 2 . .

ﬂhxzf - Figure 1 the relation between spectrum and Mbol may be . . -

-read; then Parenago's relation between spectrum and B.C.

i

- 15 =
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(Zonn & Rudnicki 1959) gives us the required MV-B.C. re-

lation. For Mv < ~ 4, the bolometric correction was as~
sumed to be - 3.
Figure 2 shoes normalized luminosity functions for

the four galactic clusters down to Mv ~ + 2, with the

omission of two extremely bright stars in h Persei.
Comparison of the luminosity function of h Persei with ~”??T”"l

" Figure 1 shows reasonable agreement with almost any

;;cslightly evolved theorefical,funqt?pq._ﬂlndeed, even on

- - P
-

\,
j:

W'the:baSié"of“ihhomogeneoué evolution Hayashi & Cameron

- (1962) derive the young age of < 2 x 107 years. However,

.' ‘ J;v”" the tertiary maximum around Mbol - 7 suggest inhomo-
|

geneous evolution for at least some of the stars.

} = S The luminosity function of the Pleiades may be

reasonably well reproducéd by the cases 0.5 - 1 x lO8
years for k = 0 (no mass loss) or by the case 1 x 107
years for k = 10-18 (maximum mass loss). The former

B age is, of course, close to that given directly by the

- assumption of inhomogeneous evolution (Sandage 1957b),

\

" since stars do not move far from the main sequence until
the central hydrogen content is low, anyway.

b . "Praesepe and the Hyades show considerable evidence

- 16 =




:(k e 0). Bandage (1957b) gives ~ 1 x 10

of evolution, and on the mass loss theory (k = 10"18

)

mue s have ages of B u.107 and 2 wN 10° years, respectively.

' However, in order for all the massive stars to have

evolved away and for stars of lower mass to have brightened

to Mbol = 0, the ages of these two clusters must be in

 excess of 5 x\lo8 years in the case of no mass loss e

9‘yearl for

.. these clusters on the inhomogeneous theory.

" We conclude that cluster luminosity functions per se

"may not be used to decide for or against the theory of

homogeneous evolution with mass loss, since any observed
function may be reasonably well reproduced on this théory.
Moreover, it does not seem possible to determine k and

the age uniquely, by using such functions. On the other
hand, the theory of inhomogeneous evolution without mass
loss makes definite predictions of the luminosity function.
Good evidence.exists that this theory predicts correctly

(Hayashi & Cameron 1962). Further observational arguments

may also be raised in its favor (Stothers 1963D).

Apart from an effectively negligible observed rate

4

of mass loss (Stothers 1963a), two other direct observa-.

‘tional tests may be made of the Russian theory. A h-u

- 17 -
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relation should exist among the members of a star cluster,
[ : .

and improved eluster expansion ages should yield defini-
tive ages, which then narrow considerably the choice of

comparative theoretical luminosity functions.
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7 0.06

3 6 - 0.06

-3 . . s5 35 7 0.05 - ~

L= 3.5 . 3.5 7 " 0.18
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Fig. 1. — Evolution of Idlis's initial luminosity
R .~ .. function for the following values of the

mass loss parameters: 1t =1, (1) k = 0,

~(2Nk = 0.22 x 10778, (3) x = 1 x 10718,
: §

Lt

o and i =2, (4) k=1x10"8y

13°

Fig. 2,~-¥ Normalized lﬁminosity functions of four

' galactic clusters.
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